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Highlights

e Numerically studied MHD pulsatile flow of blood and heat transfer in the stenosed artery.
e Body acceleration due to vibration is considered for simulating blood flow.

e Microrotation of microparticles taken into account suspended in the porous vascular tube.
o WSS increases significantly for a rise in the permeability of the porous medium.

e Fluid acceleration enhances with an increase in amplitude of body acceleration.

Abstract

The paper is devoted to a numerical investigation of the pulsatile flow of blood through a porous overlapping constricted
artery under the influence of an externally imposed magnetic field and vibration environment that is originated from the body
force. Blood is considered as micropolar fluid. The heat transfer phenomenon arising out of viscous dissipation is also studied.
The problem is solved numerically by developing a Crank—Nicolson finite difference scheme after transforming the original
governing equations from the physical domain to a rectangular computational domain. The computational results for the velocity
and temperature distributions, fluid acceleration, skin friction and Nusselt number are presented graphically for different values
of the physical parameters. The study shows that the Nusselt number increases with rise in Prandtl number and Brinkman
number both and that owing to the dissipation of energy caused by blood viscoelasticity and magnetic field effect, during
pulsatile flow of blood, the heat transfer rate at the wall of the artery is enhanced.
© 2019 Published by Elsevier B.V. on behalf of International Association for Mathematics and Computers in Simulation (IMACS).
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1. Introduction

Usually when blood flows through large arteries at a high shear rate, it can be treated as a homogeneous fluid
and its flow behaviour can be described by a Newtonian model (MacDonald [20], Caro et al. [4]). Of course,
Liepsch [19] carried out an experimental study to show that blood can behave like a non-Newtonian fluid, when
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the shear rate is low, even in large arteries. In the case of most small arteries, the shear rate is as low as 0.1 s~
it is recommended that blood should be described by a non-Newtonian model. Chien [8] pointed out that in some
pathological conditions (e.g. several myocardial infarction, hypertension and several other cardiovascular disorders),
the non-Newtonian behaviour of blood is highly prominent. In various hemodynamical studies, depending on the
objective of the study, different authors [47,49] have used different non-Newtonian models for blood flow. The
concept of micropolar fluid model initiated by Eringen [10,11] has been used in several studies of blood flow
dynamics. This model is particularly suitable, when it is intended to account for the rotation of the microparticles
(e.g. erythrocytes, leucocytes, thrombocytes, etc.) suspended in blood. Some boundary conditions for the study
of the dynamical behaviour of a micropolar fluid were proposed by Kirwan [16]. Muthu et al. [34] examined the
influence of wall properties on the peristaltic motion of a micropolar fluid. Several authors [2,6,13,42,50] considered
blood as a micropolar fluid in various studies conducted by them. Among them, Shit and Roy [42] examined the
effect of slip velocity on peristaltic transport of a magneto-micropolar fluid through a non-uniform porous channel.
Hogan and Henricksen [13] discussed the use of micropolar fluid model in their study of blood flow in an artery in
the presence of an idealized stenosis. These studies were made by considering the presence of an external magnetic
field/ body acceleration.

Flow of a micropolar fluid on a microchannel under the action of an AC field was discussed by Misra et al. [24].
On basis of the theoretical study, the authors have reported estimates of blood flow in bio-fluidic devices. Chandra
and Misra [5] studied the influence of Hall current on the boundary layer flow of an electrically conducting fluid
and also discussed the application of the model to the dynamics of blood flow.

Studies on blood flow through porous vessels are receiving growing attention of researchers, owing to the
observation that appreciable changes occur in blood flow behaviour occur due to the porosity of blood vessels.
Khalid and Vafai [15] studied the role of porosity on blood flow and its impact on temperature distribution in living
biological tissues during hyperthermic treatment. A numerical study of blood flow in arteries was performed by He
et al. [12] with an aim to understand the role of porosity in microvascular dysfunction. Tanveer et al. [48] have
considered the modified Darcy’s law in Sisko fluid model to study the porosity effect in ureteral peristalsis and
arterial blood flow.

It is known that of arterial diseases like atherosclerosis (also referred to sclerosis) brings about various types of
flow disorders in arteries. Some of the initial studies on this problem were carried out by Lee and Fung [17] and
Young [51]. Subsequently different aspects of blood flow in stenosed arteries under various conditions have been
carried out by several authors (Srivastava [45], Misra and his coworkers [22,23,27,29,31-33,43,44]).

However, all the aforementioned studies have been restricted to cases, where blood flow takes place in the
presence of a single or multiple stenoses. Raihi et al. [36] made an attempt to study blood flow in the presence of
overlapping stenosis, by using both analytical and computational methods. The study was further extended by Elcot
and Abbas [9], who considered blood flow through a catheterized artery in the presence of overlapping stenosis.

Recently, some other studies on hemodynamical modelling have been reported by several researchers
[1,3,14,39,40] by treating blood as an electrically conducting fluid. In [40], the authors have considered blood
flow in a diseased artery, where an abdominal aortic aneurysm has been developed. In [39], by using computational
methods, the same authors have studied heat transfer during blood flow in an arterial segment of slowly varying
cross-section. Misra and Pal [26] developed a mathematical model for the study of the effect of externally imposed
body acceleration on blood flow in arteries. A comprehensive study was conducted by Misra et al. [30] for electro-
osmotic flow of a viscoelastic fluid with special reference to arterial blood flow. The study provides novel insight
for the design of bio-sensing and micro-fluidic devices. Misra and Maiti [25] put forward a theoretical study for
the peristaltic transport of a rheological fluid. The analysis bears the promise of exploring the movement of various
physiological fluids, by way of parametric variation. In these studies, the authors have tried to determine the ranges
of magnetic field intensity, where clinical disorder does not take place.

Although characteristics of blood flow depend mostly on the pumping action of the heart, as discussed in a
recent paper by Misra et al. [21], the behaviour of blood flow can be greatly affected, when the human body is
subject to a vibration environment. When a man works with a jack hammer or a grill machine or when he drives
a car, partial/whole body vibration takes place in the human body and this results in body acceleration. The effects
of body acceleration on blood flow have been studied by several authors [7,28,35,38,41,46]. Shit and Roy [41] as
well as Shit and Majee [38] discussed two different problems related to the effect of heat transfer on blood flow in
arteries subject to body acceleration. But, the porosity of the arterial wall was not taken into account. Neither did
any of them consider the presence of magnetic field.
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Fig. 1. Schematic diagram of the model.

In view of this we have made an endeavour in this paper to explore the influence of heat transfer on the pulsatile
flow behaviour of blood in an arterial segment subject to a vibration environment. The arterial segment is considered
to have overlapping stenosis. Because of the considerations, the study will be closer to a pathological condition of
the arterial system and is likely to have variable applications in clinical practice, particularly when the body is
subject to an electromagnetic field, as in MRI. Because of the complexity of the problem, we had to develop a
suitable computational technique to achieve our objectives.

2. Mathematical formulation

Let us consider the unsteady laminar flow of blood in a porous atherosclerotic artery (cf. Fig. 1). The flow is
considered as two-dimensional and axially symmetric. With an aim to take into account the effect of microrotation of
erythrocytes, thrombocytes and other microparticles, blood will be treated here as a micropolar fluid. The influence
of body acceleration on pulsatile blood flow is also paid due attention. The system is considered to be under the
action of a transverse magnetic field. Let (r*, 0%, z*) be the co-ordinates of any material point in the blood flow
domain, where z*-axis is taken along the axis of the artery and r* is measured along the radial direction. We denote
by u* and v* the dimensional components of blood velocity along the axial and radial directions respectively and
by w* the microrotational velocity of micro-particles of blood. Considering axisymmetry, we assume that the flow
variation is independent of 6*. Owing to the above considerations, the governing equations of motion can be written
as
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where p is the blood density, p* the blood pressure, w the coefficient of dynamic viscosity of blood, k the rotational
viscosity, o the electrical conductivity, By the applied magnetic field strength, y the spin gradient viscosity satisfying
y = j(u +k/2), j is the micro-gyration constant. T* represents the temperature, C, the specific heat at constant
pressure. ko denotes thermal conductivity and K, stands for the permeability of porous medium. In the governing
equations, we have neglected the effect of induced magnetic field due to small magnetic Reynolds number (R,, < 1),

the electrical conductivity of blood being very low. For * > 0, the flow is assumed to have a periodic body
acceleration G*(¢*) that appears in Eq. (2) and has an expression of the form

G*(t*) = a*(coswpt™ + ¢,), (6)

where a*, w;, and ¢, denote respectively the amplitude, frequency and phase difference of body acceleration.
The geometry of the stenosis (cf. Fig. 1) can be described mathematically in non-dimensional form as

Ro|1- 2P+ ¥ pe—ap —ic - ap + L — 2
—_— — — — X
0 32 ¢ a8 ¢ ¢ 3¢

R(z, 1) = (1 + K, sin(t + ¢,)); when d <z <d+1, @

Ro[l + K,sin(t + ¢)]; elsewhere

in which Ry is the radius of the artery in the normal physiological state, K, the amplitude of arterial motion and
¢, the phase difference between pulsation of wall motion and pressure gradient.
Let us now introduce the following non-dimensional variables:
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In terms of these dimensionless variables the Egs. (1)—(5) become
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where the non-dimensional parameters appearing in Eqgs. (9)—(12) are defined as the ratio of viscosity coefficients

K = ﬁ, the material constant m = # is called the micropolar parameter. Womersley number ¢ = Ry /%‘“,
0
Hartmann number Ha = Ry By \/% , Prandtl number P, = ”K—f)p, Brinkman number Br = E_.P, and Eckert number

2 p2
wRO

E.= Cr(Tw—Too)"

In terms of the non-dimensional quantities ay = ’”;Lw“*, b= %, the expression for the body acceleration (6) has
the form
G(t) = apcos(bt + ¢pg) with t>0. 13)
Also the non-dimensional form of axial pressure gradient is assumed to be
aP@) -
3 =K + A, cos(t), (14)
Z

where K and A » stand respectively for the mean amplitude of pressure gradient and amplitude of the pulsatile
component that give rise to systolic and diastolic pressures. It is clear from Eqgs. (9)—(12) that when K and m are
set equal to zero, the system of equations reduces to that for a classical Newtonian fluid model.

We shall now use long wavelength approximation (% « 1), considering the radius R of the arterial lumen to be
sufficiently smaller than the wavelength A of pressure wave, so that the axial viscous transport terms are negligible.
In this case, Eq. (10) reduces to 3—’: = 0, while the other equations become
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The boundary conditions for the present problem can be described as follows:
Along the axis of the arterial segment r = 0, the radial velocity, axial velocity gradient, temperature gradient
and spin of microrotation vanish,

0 a0
— u _0

ie., at r=0, v=w=—=—= 19)
ar or
and at the arterial wall
. OR
i.e., at r=R(z,t), u=w=0, 6=1 and v= Th (20)

3. Transformation of the governing equations

For finding the numerical solution of the above system of equations using finite difference scheme, it is necessary
to first transform the complex physical domain to a computational rectangular domain by introducing a radial
coordinate transformation, given by

r
5= R(z, 1)’
Using this transformation, Eqs. (15)—(18) are transformed to the equations
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Also, the boundary conditions (19) and (20) assume the form
0 00
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Multiplying Eq. (21) by £R and integrating with respect to £ from 0 and &, we get
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Substituting (29) into (27), we obtain the radial velocity in the following form
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In the next section, we present a computational scheme, by using which, we can obtain the numerical solution for
the axial velocity, microrotation components and the temperature variable governed by the Eqs. (22)-(24).

4. Computational scheme

For numerical computation, we subdivide the rectangular computational domain into a network by drawing
straight lines parallel to the coordinate axes. Using the finite difference discretization technique together with
Crank—Nicolson scheme, the transformed governing equations (22), (23), (24) and (30) are reduced to a system
of linear algebraic equations. The solutions for u(z, &, 1), vz, &, 1), 8(z, &, t) at any mesh point (7, j) in the

computational domain may be denoted by u! e U J, 9”. respectively, in which z; =i x Az, i=0,1,2,...,. M
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Ei=jxAE, j=0,1,2,...,N; t,=nxAt, n=0,1,2,...; where M and N are the maximum number of

mesh points in the z and £ directions respectively and n denotes the time step index.
Using FTCS scheme, the discretized equation (22) constitutes a tridiagonal system of the form
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Similarly, the tridiagonal system corresponding to Eq. (23) is given by
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The expression for radial velocity component in the discretized form may now be obtained from Eq. (30) as

; /3R
i =5 [“"-" (8_z> e H( )] (34)

After obtaining the solution for the radial component of velocity explicitly from (34) and substituting it into the
Egs. (31)—(33), we obtain the solutions for axial velocity, microrotation component and temperature. Once we have
the solutions for u, v and 6, we can obtain the fluid acceleration F', the volumetric flow rate Q, wall shear stress
(WSS) 1, and the Nusselt number Nu by using the following relations:

ut . o—ul. OR OR\" 1,[’71‘—1,['.7_1A
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5. Results and discussion

Of concern in this investigation are in this the flow characteristics of blood, when it passes through a porous
overlapping stenosed artery under the action of a periodic body acceleration and an externally applied magnetic
field. In such an environment, with an aim to examine the flow behaviour of blood, we have taken up a specific
numerical study for different flow characteristics of blood, by considering physiological data from the existing
scientific literatures [15-17,23,27,45,51]. The computational work for the present study has been carried out by
using the following values of physical parameters:

L
— =10.0, d =2.0, ) =1.0,a90=0.0,1.0,2.0,3.0; b =1.0, ¢ = 0.0,
0

¢ =00, Rp=1.0, R=1.0, A, =146, K =730, K, =0.05, f, =12,

K =0.0,0.1,0.2,0.3; J = 0.1, K, =0.1,0.02,0.03, 0.04, 0.05, 0.06, 1.0;

m =0.1,0.01,0.001; « =3.0, Ha =0,1,2,3,4;
and corresponding to human body temperature, 7 = 310K, the P, = 21 has been taken for human blood. In order
to examine the specific influence of the Prandtl number on the flow of blood, the computation has also been for

Pr = 14 and 25. We have taken A& = 0.025, Az = 0.05, Ar = 0.001 through out the numerical computation.
Also, we have considered ¢t = 7.414, which is the time of systolic phase at a fully developed stage of blood flow.
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Fig. 3. Velocity distribution u at the throat of the stenosis for different values of the Hartmann number Ha, when K = 0.1, K, = 0.05,
Pr=21,t=17414, ap = 1.0;.

We have noted that further reduction in the values of A and Az does not bring about any significant change. This
observation ensures the stability of the numerical schemes used in this investigation.

The results for the velocity distribution, based on the present study have been validated through Fig. 2 that
provides a comparison between the results of the present study with those of an earlier study [38] conducted by
Shit and Majee in 2015. This figure clearly shows a very good agreement of the results of the two investigations,
when K =0, m =0, K, = 1000, « =4, Ha =2, Pr =25,t =7, ¢ = %,d), =0,d =3,1, = 1.85.
By employing the same code, other physical variables involved in the present study have been computed and their
variations have been presented by means of graphs.

Figs. 3-5 illustrate the variation of blood velocity u along the radial direction of the stenosed artery for different
values of the Hartmann number Ha, viscosity parameter K and the porous permeability parameter K, respectively.
In Fig. 3 dotted lines indicate the velocity distribution for a Newtonian fluid (corresponding to K = 0, m = 0) and
solid lines represent that of the micropolar fluid. It shows that the velocity of blood, if considered as a Newtonian
fluid is more than that when it is considered as a micropolar fluid. The additional viscosity generated due to the
microrotation of microparticles suspended in the blood stream may be considered to be responsible for the reduction
in the case of a micropolar fluid model, which is assumed to represent blood in the present study. From the same
figure one may further observe that the velocity diminishes with the increase of the Hartmann number Ha. The
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Fig. 5. Velocity distribution u at the throat of the stenosis for different values of K,, when Ha = 1.0, K = 0.1, Pr = 21, t = 7.414,
ap = 1.0.

reason is that due to the application of the magnetic field, Lorentz force is developed, that opposes the fluid motion.
The velocity attains its maximum at the axis of the artery in all the three cases examined here (see Fig. 3). From
Fig. 3, one may further note that under the influence of a sufficiently strong magnetic field, the motion of blood in
the artery may stop altogether. Fig. 4 depicts the velocity variation for different values of the viscosity ratio K = ﬁ
We find that as K increases, blood velocity diminishes. Fig. 5 shows that the velocity increases with a rise in the
porous permeability parameter K,. Physically, as the porous permeability increases, the frictional force reduces,
and so the fluid velocity is likely to increase. The increase in microrotation of blood cells in the lumen of the artery

can be responsible for such an observation.
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Figs. 68 depict the variation of microrotation component w along the radial direction of the artery for different
values of the micropolar parameter m, Hartmann number Ha and permeability of the porous medium. Fig. 6 shows
that the microrotation component decreases in the lower portion of the stenosed artery with an increase in the
micropolar parameter m. However, at the axis of the artery, the microrotational component is independent of m.
The opposite trend is observed on the other side of the stenosed artery. This happens, because reduction in m
causes elevation in the viscosity coefficient ;1 and thereby microrotation velocity is reduced. Fig. 7 shows that
the microrotation velocity increases in magnitude with a rise in the magnetic field strength. However, the trend is
reversed in the case of porous permeability parameter K, as shown in Fig. 8. In these figures, it is interesting to
observe that the rotational velocity w creates two lobes on either side of the axis of the artery. The lobes rotate
in different directions. The positive component of w acts in the direction of blood flow. The centre of these lobes
shifts towards the central axis of the artery for increasing values of m, Ha and K.

Figs. 9—11 describe the change in the volumetric flow rate Q, when there is a change in the parametric values.
Fig. 9 gives the time-variations of the volumetric flow rate Q for different strengths of the applied magnetic field.
It is seen that the flow rate Q is periodic in time ¢ and the amplitude of periodic flow rate diminishes, as the

Please cite this article as: G.C. Shit, S. Maiti, M. Roy et al., Pulsatile flow and heat transfer of blood in an overlapping vibrating atherosclerotic artery: A numerical study, Mathematics
and Computers in Simulation (2019), https://doi.org/10.1016/j.matcom.2019.06.015.




12 G.C. Shit, S. Maiti, M. Roy et al. / Mathematics and Computers in Simulation xxx (xxxx) xxx

0.2

0.15

0.1

0.05

-0.05

-0.1

-0.15

-0.2

Fig. 8. Variation of microrotation component w at the throat of the stenosis for different values of K,, when m =0.1, / =0.1, Ha = 1.

0.7 T
— — Ha=0

0651

0.6
0.55
0.5
O o451,
0.4
0.35
0.3

0.25

0.2
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magnetic field strength increases. It has the same behaviour as that of the velocity profile, since the flow rate is
directly proportional to the axial velocity u. Fig. 10 represents the volumetric flow rate variation with time ¢ for
different values of the viscosity parameter K. It is observed that the flow rate Q reduces, as the viscosity parameter
K increases. It may be interpreted by saying that as K increases, the viscosity due to rotation of microparticles
suspended in blood increases and thereby flow rate is reduced. The change in volumetric flow rate along the length
of the arterial segment having overlapping stenosis has been presented in Fig. 11 for different amplitudes of the body
acceleration. We observe from this figure that the volumetric flow rate Q increases gradually with an enhancement of
the amplitude of body acceleration. This implies that in the vibration environment, the blood flow velocity increases,
but the enhancement of blood flow can be controlled by applying a magnetic field of suitable strength. It thus turns
out that these two external body forces are crucial for controlling blood flow rate.

Figs. 12—14 depict the nature of distribution of the fluid acceleration F for different values of the amplitude of
body acceleration, Hartmann number Ha and porous permeability parameter K. In each of these cases, the fluid
acceleration F' is maximum at the axis of the artery and then it gradually diminishes and ultimately vanishes at the
wall of the artery, satisfying the no-slip condition at the wall. It is observed from Fig. 12 that the magnitude of
fluid acceleration F increases as the amplitude of body acceleration increases. Thus fluid acceleration is enhanced
due to the vibration environment. However, from Fig. 13, we find that the magnitude of the fluid acceleration F
decreases with the increase in Hartmann number Ha. This implies that the fluid acceleration F can be controlled
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by suitably adjusting the intensity of the magnetic field. Fig. 14 shows that the fluid acceleration F increases with a
rise in permeability. It is important to note that the porous permeability of flow passage has also controlling effect
on blood flow.

Another important characteristic of blood flow is the wall shear stress t,,. Its variation along the axial direction
and with time are illustrated through Figs. 15-17. Fig. 15 shows that the wall shear stress increases as the
permeability of the porous medium increases. It is observed that the wall shear stress (WSS) completely depends
upon the geometry of the arterial wall. The wall shear stress is low at the secondary stenosis and therefore there is
a possibility of further deposition of cholesterol at the downstream of the overlapping stenosis. This can be avoided
by enhancing the permeability of the porous medium. Fig. 16 shows that with a rise in the Hartmann number Ha,
the wall shear stress is reduced. Further formation of plaques in the endothelial layer of the artery can be possible.
It is also noted that the wall shear stress changes periodically with time. However, Fig. 17 shows that the body
acceleration can elevate the wall shear stress during systolic phase, while in the diastolic phase, the wall shear
stress is reduced with an increase in body acceleration. Thus further deposition of cholesterol is more likely during
diastole.

Figs. 18 and 19 illustrate the distribution of temperature 6 at the middle of the stenosis for different values of
Hartmann number Ha and Brinkman number Br. Figs. 18 and 19 indicate that the temperature 6 increases as the
Hartmann number Ha/ Brinkman number Br is increased. This observation can be useful for the hyperthermic
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treatment of tumor/ cancer cells. The dissipation of energy due to fluid friction and the applied magnetic field can
lead to an increase in temperature of blood. Thus, if studies are performed by ignoring the dissipation of energy,
the temperature will be over-estimated.

Fig. 20 represents the variation of Nusselt number Nu (the rate of heat transfer at the arterial wall) along the
axial direction z. We observe that Nusselt number is increased with a rise in the value of the Prandtl number
Pr. It implies that the rate of heat transfer increases in the secondary stenosis region, while the heat transfer is
comparatively low at the primary stenosis zone. The lowering of the Nusselt number is observed more at the down
stream of the stenosis than in the upstream.

Fig. 21 gives the variation of Nusselt number Nu versus Hartmann number Ha for different values of the
Brinkman number Br. Here one may make an observation that the Nusselt number increases with increasing values
of the Brinkman number. It implies that owing to the dissipation of energy caused due to the viscosity of blood and
the influence of the magnetic field, the heat transfer rate is enhanced. This effect is more pronounced, because of
the extra viscosity due to the rotational effect of micro-elements. It is further observed from this figure that Nusselt
number increases, when Hartmann number increases up to Ha = 1.5, beyond which it gets reduced gradually and
then becomes constant for higher intensities of the externally applied magnetic field. This result will be of interest
to the oncologists in the treatment of malignant tumor patients.
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6. Concluding remarks

This paper aims to investigate the pulsatile flow of blood through a porous overlapping stenosed artery in
presence of an externally applied magnetic field under the influence of body acceleration. Micropolar fluid model
is considered to represent non-Newtonian characteristics of blood, in order to investigate the microrotation effect
of different microparticles suspended in blood. The problem is solved numerically by developing an implicit
Crank—Nicolson finite difference scheme. The following conclusions can be drawn on the basis of the study.

e The rate of heat transfer increases during blood flow in the artery with an increase in the intensity of the
externally applied magnetic field and also with an increase in Brinkman number.

e Wall shear stress changes periodically with time and gets reduced by increasing the magnetic field strength.

e Wall shear stress increases with a rise in the value of the permeability parameter.

e Fluid acceleration is enhanced when the permeability parameter/ amplitude of body acceleration is increased.

e Volumetric flow rate diminishes, when there is an increase in rotational viscosity.

e The downstream of the stenosis is greatly affected by most of the parameters involved in the study.

Finally, various recent works [18,37] on the effects of porosity in the flow of nanofluids are demonstrated clearly
to motivate us for further work in the field of nano-biofluid.
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