Analele Universitatii Oradea
Fasc. Matematica, Tom XXVI (2019), Issue No. 1, 5-15

INTUITIONISTIC FUZZY ALMOST COMPACT SETS IN
INTUITIONISTIC FUZZY TOPOLOGICAL SPACES

SUMITA DAS(BASU)!, PRAKASH MUKHERJEE2 AND M. N. MUKHERJEE?

ABSTRACT. This paper is aimed at introducing and discussing the concept of intuitionis-
tic fuzzy almost compact set in intuitionistic fuzzy topological spaces. Characterizations
and properties of these sets, are established using the notion of intuitionistic fuzzy 6-
cluster point of intuitionistic fuzzy filterbases and intuitionistic fuzzy #-closure operator.

1. INTRODUCTION AND PRELIMINARIES

It is found in the literature that compactness is being treated as a very powerful notion in
classical set topology for a long time. Zadeh [9] initiated the concept of fuzzy set, and later
on Atanassov [2] generalized it into another parallel framework and called it intuitionistic
fuzzy set. Since then researchers were very much interested to extend compactness to fuzzy
and intuitionistic fuzzy fields.

In fuzzy setting, Chang [3] established fuzzy compactness and since then investigations
were going on in the area of different weaker forms of fuzzy compactness viz. fuzzy para-
compactness, fuzzy almost compactness, fuzzy near compactness etc. It was Di Concilio and
Gerla [6] who defined fuzzy almost compactness. In [7] Mukherjee and Sinha investigated
almost compactness for fuzzy topological spaces and for arbitrary fuzzy sets by means of
fuzzy filterbases, fuzzy 0-closure and fuzzy 6-cluster points which brought forth a number of
characterizations and properties analogous to those in classical set topology. Motivated by
these, intuitionistic fuzzy almost compactness in intuitionistic fuzzy topological spaces was
investigated in [8]. In the aforementioned paper [8], a satisfactory definition of intuitionistic
fuzzy almost compact space was given and its properties with respect to intuitionistic fuzzy
regularity, intuitionistic fuzzy 6-closure operator, intuitionistic fuzzy nets and filterbases,
interiorly finite intersection property etc. were discussed.

In our present paper, we have turned our attention to the description of intuitionistic fuzzy
almost compact sets in an intuitionistic fuzzy topological space X. For developing this
concept, in Section 2 we define the notion of intuitionistic fuzzy open cover and its finite
proximate subcover for an intuitionistic fuzzy set and after defining intuitionistic fuzzy al-
most compact sets, we try to identify some intuitionistic fuzzy almost compact sets in X.
After that we discuss about intuitionistic fuzzy almost compact sets in terms of intuitionistic
fuzzy filterbases. In Section 3, we characterize intuitionistic fuzzy almost compact sets in
terms of intuitionistic fuzzy 6-closure operator.

In what follows, ‘I-fuzzy’ will stand for ‘Intuitionistic fuzzy’ and X, I will respectively denote
a nonempty fixed set and the closed interval [0, 1]. Before we proceed further, we recall some
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concepts and results used in the paper( for more details, the well known works [4, 5] may
be referred t00).

Definition 1.1. [2] An object A given by the form A = {{x, ua(z),va(x)) : 2 € X}
is called an intuitionistic fuzzy set or simply an IFS, where the functions pa : X — I and
Y4 : X — Idenote respectively the degree of membership and the degree of non-membership
of each element z € X to the set A with 0 < pa(z)+7va(x) <1, for each x € X. For brevity,
such an IFS A is written as A = (z, ua,va4) instead of A = {(z, pa(z),va(z)): z € X}.

Definition 1.2. [2] Let A = {(z,pa(x),va(z)) :x € X}, B = {{z,up(z),y5(z)) : x €
X} be two IFS’s and {U; : j € A} be any family of IFS’s in a nonempty set X. Then we
define as follows:

(a) ACBif pua(x) < pup(x) and ya(x) > vp(z), Ve € X. We shall write ‘A(z) < B(z),
for all x € X’ to denote “A C B”. For a particular y € X, we shall write ‘A(y) < B(y)’ or
(W, nay),yaW) < (y,usW),v8(Y)) if paly) < ps(y) and va(y) > v5(y).

(b) A= B if and only if AC B and B C A.

<>A ({2, 74 (2), pa(a >> xeX}

d) (U = {(@, N\ po, (2), \/ 0, (@) : 2 € X} and | U; = {(z,\/ po, (2), \w, (&
JEA JEA
x € X}, where, as usual, \/ uy, (z) = sup{uy,(z) : j € A} and Ay, (z) = inf{yy,(z) : j €
Alfor z € X. ' ' '
(e) 1. ={{z,1,0) : 2 € X} and 0~ = {(,0,1) : z € X }.
It is clear that U = U, 0. = 1. and 1. = O..

__ Proposition 1.1. [8] If {A, : a € A} is an arbitrary collection of IFS’s in X, then

U{A aeA}—ﬂ{A ra €A} and [ [{Aa:ae A} = J{As €A}

Definition 1.3. [4] A family 7 of IFS’s in X is called an intuitionistic fuzzy topology
(or simply an IFT) on X if the following conditions are satisfied:

(i) 0,1 €T

(11) U, U, eT= UlﬂUg cT

(i) {U;: je Ay Cr= |JU; e

jEA

The pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS, for brevity) and
each member of 7 is an intuitionistic fuzzy open set (IFOS, in short) in X. An intuitionistic
fuzzy closed set (abbreviated as IFCS) is defined to be the complement of an IFOS in (X, 7).

Definition 1.4. [4] The I-fuzzy interior and I-fuzzy closure of an IFS A in an IFTS (X, 7)
are defined as follows: cl(A) = ({B: Bisan IFCSin X and A C B} and int(A) = | J{U : U
is an IFOS in X and U C A}.

It is known [8] that for any IFS A in (X, 7), cl(A) and int(A) are respectively an IFCS
and an IFOS; and also, A4 is an IFCS (IFOS) in X < cl(A) = A (resp int(A) = A).

Proposition 1.2. [4] For any two IFS’s A and B in an IFTS (X,T), the following
results hold:

(a) AC cl(A) and int(A) C A

(b) AC B=cl(A) Cc(B) and int(A) C int(B)

(c) c(clA) = clA and int(intA) = intA

(d) cl(AU B) = clAUclB and int(AN B) = intANintB

(e) cl(A) = int(A) and int(A) = cl(A).
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Result 1.3. [8] For any family {A, : « € A} of IFS’s in an IFTS X,
(i) Ucl(Aqy) C cl(UA,) and the equality holds if A is finite;
(i)Uint(A,) Cint(UAL).
Definition 1.5. [4] A collection {(x, 1a,,7v4,) : ¢ € A} of IFOS’s in an IFTS (X, 7) such
that U (,pa,;,7v4;) = 1o is called an I-fuzzy open cover of X.
i€EA
Definition 1.6. Let (X,7) be an IFTS. A finite subcollection Uy = {{z, pa,,v4,) : & =

1,2,...,n} of an I-fuzzy open cover U of X is called
(a) a finite subcover [4] of U if YUy = 1;

n
(b) a finite proximate subcover [8] of U if U(cl(m, pa;vA)) = 1.
i=1
Definition 1.7. [4] An IFTS X in which every I-fuzzy open cover of X has a finite
subcover, is called an I-fuzzy compact space.

Definition 1.8. [4] Let p be a chosen point of X and a € (0,1], b € [0,1) be two chosen
real numbers with @ + b < 1, then the IFS (z,p,, 1 — p1_s), denoted by p(a,b), is called an
intuitionistic fuzzy point (IFP, for brevity) in X, where a stands for the degree of membership
of p(a,b), the support of p(a,b) being p.

Definition 1.9. [8] An IFP p(a,b), where a,b € (0,1) is said to be contained in an IFS
U= (z,py,yw) in X if a < py(p) and b > vy (p). In this case we write p(a,b) < U.

Proposition 1.4. [8] Any IFS A in X coincides with the union of all those IFP’s that
are contained in A.

Definition 1.10. [5] Given an IFP p(a,b) and an IFS V' = (z, uy,yv), p(a,b) is said to
be quasi-coincident with V' (in notation, p(a,b)qV) if a > vy (p) or b < py (p).

Definition 1.11. [8] Two IFS’s U = (x, uy,vv) and V = (x, uy,yy) in X are called
quasi-coincident, if for some z € X, py(x) > yv(z) or vy (x) < py (). In this case we write
UqV, while we write “UqV” to mean that U and V are not quasi-coincident.

Result 1.5. [5] For any two IFS’s A and B in X, A C B holds iff AgB holds.

Definition 1.12. [8] An IFS A is said to be a g-nbd of an IFP p(a,b) in an IFTS (X, 7)
if p(a,b)qU C A holds for some IFOS U in X.

Result 1.6. [8] Let p(a,b) be an IFP and A an IFS in an IFTS X. Then p(a,b) < cl(A) if
and only if for each g-nbd U of p(a,b), UgA.

Lemma 1.7. [8] Let A be an IFS and B an IFOS in an IFTS (X,7). Then AgB =
cl(A)gB.

2. INTUITIONISTIC FUZZY ALMOST COMPACT SET

In this section, we extend the concept of I-fuzzy almost compactness to arbitrary I-fuzzy
sets and study its properties. We also characterize intuitionistic fuzzy almost compact sets
by using I-fuzzy filterbase.

Definition 2.1. Let A = {(z,pa(x),v4(z)) : © € X} be an I-fuzzy set in an IFTS X.
Then

(a) the set {z : z € X and (z, pa(z),va(x)) > 0.(z)} is called the support of A and is
denoted by suppA; i.e., v € SuppA iff pa(z) >0 and y4(x) < 1.
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(b) a collection U = {U; = (x, py,(z),yu,(z)) : ¢ € A} of IFS’s in X is said to be an
I-fuzzy cover of A if [U (@, pu, (2), v, ()] (z) = 1o (z) for each x € suppA.

€A

If in addition, the members of U are I-fuzzy open in X, then U is called an I-fuzzy open
cover of A.

(¢) an I-fuzzy open cover U = {U; = (z, py,(z),yu,(z)) : ¢ € A} of A is said to have a
finite subcover Uy for A if Uy is a finite sub-collection of U such that Uy = {{x, pv,,vv,) :
i € Ag} (where Ag is a finite subset of A) and | U (@, pu, s yu) ) (®) > (x, 1ta,va)(z) for each

1E€Ag
T € suppA.

Definition 2.2. An I-fuzzy set A is called I-fuzzy compact if every I-fuzzy open cover of

A has a finite I-fuzzy subcover for A.

Remark 2.1. It is worth mentioning that in the above definitions if we take A = X,
the concept of I-fuzzy (open ) cover and I-fuzzy compactness of A coincide respectively with
those for an IFTS X as given by Dogan Coker [4].

Definition 2.3. An I-fuzzy open cover U = {U; = (z,uy,(z),yy,(x)) : i € A} of an
I-fuzzy set A in an IFTS X is said to have a finite proximate subcover for A if there exists
a finite subcollection Uy of U such that A C U {cl{x, pu,,vyu,)}-

U;eUo

Remark 2.2. Here also we like to note that if A = X, the above definition agrees with
that of an open cover of an IFTS X to have a finite proximate subcover as given in [8].

Definition 2.4. An I-fuzzy set A in an IFTS X is said to be an I-fuzzy almost compact
set relative to X (IFAC set, for short) if every I-fuzzy open cover of A has a finite I-fuzzy
proximate subcover for A.

Proposition 2.1. Fvery I-fuzzy compact set in an IFTS is also an I-fuzzy almost compact
set relative to X.

Remark 2.3. That the converse of the above result is false, is shown by the following
example.

Example 2.2. Let X be an infinite set and a,b be two arbitrarily chosen points of X,
kept fixed. Suppose A is an IFS in X given by {(x, iz, V.) : * € X}, where

|1, forxz=a,b
Hz =1 o, for z € X\ {a,b}

[0, forz=a,b
Ve = 1/2, for xz € X\ {a,b}
Consider next the IFS A,,, for n € N, given by A, = {(x, u2,~v2) : © € X}, where

n_ | 1=1/n, forz=a,b
M = 1/2,  for x € X\ {a,b}

n__ | 1/n, forxz=a,b
Yo = 1/2,  for x € X\ {a,b}

It is easy to see that 7 = {1.,0~, A, : n € N}U{ U Ap}isan IFT on X. Now, the collection
n=1

{A,, :n € Nand n > 2} is an I-fuzzy open cover of A which has no finite subcover. Thus A

is not I-fuzzy compact. Here we note that {4, : n € N and n > 2} is not an I-fuzzy open
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cover of the IFTS (X, 7)(it will be so if X = {a,b}). Also, the IFTS is I-fuzzy compact
( as every I-fuzzy open cover of (X, 7) has to include 1. as a member of it) and hence
IFAC. Next we see that for each n € N, clA,, = 1.. In fact, for any n € N\ {1,2} we
have, pa, (a) > pz (a) for all m > 2, so that A, £ A,,. Thus the only TFCS containing
A,(n €N, n>2)is 1.. Consequently, clA,, = 1., for each n € N (n > 2). Thus for any
I-fuzzy open cover U of A, if we select any A,, € U (for some n > 2), then {4, } is a finite
proximate subcover of U for A. Thus A is I-fuzzy almost compact.

Before going to the properties of I-fuzzy almost compact sets, our preliminary concern is
to identify certain classes of IFAC sets in an intuitionistic fuzzy topological space. To that
end we have the following theorem:

Theorem 2.3. Let X be an IFTS. Then
(i) cl(A) is an IFAC set in X for any IFAC set A in X.
(i) Union of any finite collection of IFAC set in X is again an IFAC set in X.

Proof. Straightforward and is omitted.
It is known that almost compactness can be achieved by using the notion of regular open
coverings. Our next goal is to get a similar result in I-fuzzy setting. For this we recall: [

Definition 2.5. [8] AnIFS A in an IFTS (X, 7) is said to be I-fuzzy regular open(regular
closed) if A = int(clA) (respectively A = cl(intA)).

Proposition 2.4. In an IFTS (X, 1)
(i) the closure of an I-fuzzy open set is an I-fuzzy regqular closed set and
(ii) the interior of an I-fuzzy closed set is an I-fuzzy reqular open set.

Proof. (i) Let A = (x, pa,va) be an I-fuzzy open set in an IFTS X. We have, int(clA) C clA
= clint(clA) C clA. On the other hand, A is I-fuzzy open = A C int(clA) = clA C
clint(clA). Thus the result follows.

(i) Similar as (i) above. O

Theorem 2.5. Fvery I-fuzzy reqular closed set A in an IFAC space X is an IFAC set
mn X.

Proof. Let A = (x,14,7v4) be an I-fuzzy open set in an IFTS X and let U = {U; =
(x, pu, (), v, (x)) : i € A} be an I-fuzzy open cover of A. Thus for each x € suppA,
(@ mo, (@), 90, (@)](2) = 1o(x). Now if z & suppA, (z,pa(z),va(2))(z) = O(z) =
€A

o 1A (@), TA@)() = 1 () for each o ¢ suppA. Thus [Tz, @), 7a@N(@) = 1-(2)
for each = ¢ suppA. So U U{A} is an I-fuzzy open cover of X. Since X is IFAC, there exist
finitely many sets Uy, Us, ..., Uy, of U such that [cl(Uy) U cl(Uz) U ... U cl(U,)] U (clA) = 1.
= c(Uy)Uc(Uz)U...UJcl(Uy) N (intA) = 0. = (intA)g[c(U;) Ucl(Uz) U...Ucl(Up)] =
(intA) C [c(Uy) U cl(Uz) U...Uc(Uy)] = A = cl(intA) C [cl(Uy) U cl(Usz) U ... U cl(Uy)]-
Hence A becomes an IFAC set. O

Corollary 2.6. If A is an I-fuzzy open set in an IFAC space X, then cl(A)is an IFAC
set in X.

Proof. Follows from Proposition 2.4 and Theorem 2.5. O

Our next intention is to characterize intuitionistic fuzzy almost compact sets by I-fuzzy
filterbases. For doing this we need the following:
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Definition 2.6. [8] A collection B(# ¢) of IFS’s in an IFTS (X, 7) is called an I-fuzzy
filterbase in X if

(i) B# 0x, VB € B and

(11) Bl,BQ eB=1 B3 € B with B3 C B N Bs.

In addition, if B C 7, then B is called an I-fuzzy open filterbase.

In particular, B is called an I-fuzzy filterbase in an IFS A, if (B € B= B C A).

Definition 2.7. [8] An IFP p(a,b) in X is defined to be an I-fuzzy cluster point of an
I-fuzzy filterbase B in X if for each B € B, p(a,b) < cl(B).

Theorem 2.7. [8] A necessary and sufficient condition for an IFTS (X,T) to be IFAC
is that every I-fuzzy open filterbase in X has an I-fuzzy cluster point.

Theorem 2.8. An I-fuzzy set A in an IFTS (X, 1) is an IFAC set iff for every I-fuzzy
open filterbase F in X, [{clF : F € F} (A = 0~ implies that there exists a finite
collection Fy of F such that [\{F : F € Fo}] ¢ A.

Proof. Let A = (z,pa,7v4) be an IFAC set in an IFTS X. Suppose F is an I-fuzzy open
filterbase in X such that for each finite subcollection Fy of F, [{F : F € Fo}] ¢ A but

[N{clF : F € F}J(NA = 0~. Then for each z € suppA, [ﬂ (@, e s Yar)| () = 0(x)
FeF

= | ﬂ (@, perr, Yar))(x) = 0 (z) = [U (@, pig, vo)) (®) = 1o(x). Thus the collection
FeF FeF

{clF : F € F} = Fi(say), is an I-fuzzy open cover of A. Since A is an IFAC set, there
ex1sts a finite proxnnate subcover {cl(F1),cl(F2),...,cl(F,)} (say) of Fy for A. Then A C

U{cl (cd(F)} = AC U [cl{cl{z, uF,,vF,) : © € suppA}] = ﬂ[cl{cl(a?,ppi,'ypﬁ}] CA=
i=1 i=1
n[int{cl(x,upi,vpi> :x € suppA}] € A = (by Proposition 1.2 (a)) = n(:t,,upi,'ypi) CA

i=1 i=1
n

(since F;’s are I-fuzzy open) = ﬂ{(w,,upi,’ypi) :x € suppA} § A (by Result 1.5) which
i=1
contradicts our assumption.
Conversely, let the given condition hold and if possible, the I-fuzzy set A be not an
IFAC set in X. Then there exists an I-fuzzy open cover U of A which has no finite I-fuzzy
proximate subcover for A. Then for every finite subcollection Z/lo of U, there exists some

y € suppA such that | J {cl(x, pv, 7)) < (@ pa,va)w) = [ {cdlz, po,0) ) >
Uely Ueldy
(x, pa,v4)(y) > 0.(y). Thus the collection { ﬂ cl{x, pu,yu) : Up is a finite subset of U}
Uely

=V (say) forms an I-fuzzy open filterbase on X. We assert that for every finite subcollection

Vo of V, ( ﬂ V) ¢ A. If not, let there exist a finite subcollection {cl(V1), cl(V2),...cl(V4)}
Vevo

of V such that ﬂ{cl g A holds. Then A C ﬂcl )(by Result 1.5) Ucl

Thus U has a ﬁmte I-fuzzy proximate subcover for A Wthh contradicts our assumptlon
So by the given condition {cl(cl(U)) : U € U}(VA # 0. = Ty € suppA such that

) le{cl(@, o, ) () > 0~ (y) = | [el{cl(e, po, 7o) }(y) < 1-(y) for some y € suppA
Ueld Ueld
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= | lint{cl(w, pr, v0) H(y) < 1~(y) for some y € suppA. Thus | J (z, pw, y0)(y) < 1~ ()
Ueu Ueu
for some y € suppA. (since U is I-fuzzy open, U C int(clU)) which contradicts the fact that

U is an I-fuzzy open cover of A. O

Theorem 2.9. An I-fuzzy set A in an IFTS (X, 7) is an IFAC set iff for any family G of

I-fuzzy closed sets in X with ﬂ {G: G eg}] ﬂA = 0~ there exists a finite subcollection

Geg
Go of G such that N{intG : G € Go}] 7 A.

Proof. Let A = (x,p14,74) be an IFAC set in an IFTS X. Let G = {{(z, pug,vq) : ¢ € X}

be a family of I-fuzzy closed sets in X such that ﬂ {{z, pe,va) 1z € X} n A =0~. Then
Geg
for each a € suppA, [\ {(x,pc,v6) 1z € X}a) =0 = | J{{z,pa,7¢) v € X}(a) = 1
Geg - Geg
for each a € suppA. Consequently {G : G € Gy} is an I-fuzzy open cover of A and since
A is TFAC, there exists a finite I-fuzzy proximate subcover Gy(say) of G for A. Thus A C

U {cG} = AD U {cG} = m intG = ( ﬂ intG) ¢ A and thus the necessity part is
GeGo Gego Gego Gego
proved.
For sufficiency, suppose B is an I-fuzzy open filterbase in X such that (\{c!B: B € B}(A =
O~. Then F = {cIB : B € B} is a family of I-fuzzy closed sets in X with (((1F)(4) = 0~.
Hence according to our assumption, there exists a finite subcollection By of B such that
({intclB : B € By} ¢ A. Thus ((Bo) ¢ A and hence by Theorem 2.8, it follows that A is
an IFAC set. 0

3. IFAC SETS IN TERMS OF IF-6-CLOSURE OPERATOR

The idea of #-closure operator was first introduced in classical set topology to act as an
useful tool for studying various set topological concepts. Due to its varied applicability, this
idea was extended to fuzzy setting by Mukherjee and Sinha in [7]. The said operator was
also used in [8], and now our intention is to characterize and study IFAC sets by using the
same concept once again. For this we require the following:

Definition 3.1. [8] An IFP p(a,b) in an IFTS X is called an I-fuzzy 6-cluster point
(IF6-cluster point, for brevity) of an I-fuzzy set A if for each I-fuzzy open q-nbd U of p(a, b),
clUgA. The I-fuzzy 6-closure of A, write as clp(A), is defined as the union of all IFf-cluster
points of A. An IFS U is said to be IF6-closed if U = ¢lp(U), while an IF6-open set is one
whose complement is an IF6-closed set.

Theorem 3.1. [8] For any IFO set A in an IFTS (X, 1), clA = cly(A).

Definition 3.2. [8] Let B be an I-fuzzy filterbase in an IFTS X. An IFP ¢(a, b) is called
an I-fuzzy 6-cluster point of B if ¢(a,b) < ({cle(B) : B € B}. If in addition, c¢(a,b) < A for
some IFS A in X, then B is said to have an I-fuzzy 6-cluster point in A.

Theorem 3.2. [8] A necessary and sufficient condition for an IFTS X to be I-fuzzy
almost compact is that each I-fuzzy filterbase on X has an I-fuzzy 6-cluster point.

Theorem 3.3. An I-fuzzy set A in an IFTS (X, 7) is an IFAC set iff for each I-fuzzy
filterbase F in X with the condition that for each finite subcollection {Fy, Fs,...,F,} of F

and for any I-fuzzy reqular closed set C containing A, one has ﬂFi q C; F has an I-fuzzy
i=1
0-cluster point in A.
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Proof. Let A = (x,pua,v4) be an IFAC set in an IFTS X. Suppose F be an I-fuzzy filterbase
in X without any I-fuzzy 6-cluster point in A. So AN[{clgF : F € F}] =0~ ....(1)

Let p € suppA. Then pa(p) > 0 and ya(p) < 1. Thus there exists m € N (N is the
set of natural numbers) such that pa(p) > L and va(p) < 1 — L. ie., the I-fuzzy point

(5, L1— l) is contained in A, for all n > m. Then in view of (1), there exist an I-fuzzy open

q- nbd uy of p(1,1— 1) and an F}' € F such that cl(U}) g F . (2)

Now since U} is a g-nbd of p(1 1— 1), then pur (p) > 1— 7 or yup(p) < L for all
n>m..(3)

It is then clear that inf{yyn»(p) : n > m} =0 or sup{uuy(p) :n >m}=1.. (4)

Now if we put U = U Uy, = (z,pu, ), then by (4), py(p) = 1 and yy(p) = 0. Tt
n>m

thus follows that U = {U} : p € suppA and n > m with p(:,1— 1) < A} forms an I-fuzzy

open cover of A such that for U}’ € U, there exists I} € F with cl(U}}') g F'[by (2)]. Since

A is an IFAC set in X there exist finitely many members Uy, Uj2,...,Up* of U such that

AC Ucl UU ") = C(say). Thus C is an I-fuzzy regular closed set containing A.

Agaln for each Ui of Ll there exists F)' of F such that cl(U"’) q I foreach i = 1,2,...k.
k k k k
Thus UCZ(U;?) q (ﬂFIZLL?) = CZ(UUIZ") q (ﬂFIZ’) =Cg (ﬂFgLL?) Hence C is an I-fuzzy
i=1 i=1 i=1 i=1 i=1
k

regular closed set containing A such that C g (ﬂFg), which contradicts our hypothesis.

i=1

Conversely let B be an I-fuzzy open filterbase in X such that [[{cIB: B € B}](1A = 0~.
So B has no I-fuzzy cluster point in A and hence by Theorem 3.1, B has no I-fuzzy 6-cluster
point contained in A. Then by hypothesis, there exists an I-fuzzy regular closed set F
containing A such that (| By gF, for some finite subcollection By of B. Then By gA and
consequently by Theorem 2.8, A is an IFAC set in X. ]

Theorem 3.4. Let A be an IFAC set in an IFTS (X, 7). Then every I-fuzzy filterbase
F in A with the property that every finite intersection of members of F is q-coincident with
at least one member of F, has an I-fuzzy 0-cluster point in A.

Proof. Let A = (x,pa,v4) be an IFAC set in an IFTS X. If possible, let there exist an

I-fuzzy filterbase F in A such that A([\cloF : F € F] = 0.. Then proceeding as in the

above proof (necessity part) we arrive at an I-fuzzy open cover U = {U : x € suppA and

n € N with 2(2,1 — 1) < A} of A such that for each U of U, there exists FI' € F with

cd(Ur) q F. Slnce A is an TFAC set in X, there exist U;'}, U2, ..., U'* of U such that
k

AC Ucl(U;j). Then F7'(F2 ...\ F}* @ A and hence F' N F2 (... Fpx g F, for
i=1

all FF e F (as FF C A,VF € F), which contradicts our hypothesis. Hence F has an I-fuzzy

f-cluster point in A. O

Example 3.5. Let X = {a,b} and 7 = {1.,0.} U{B, : n € N} U {UB”}’ where
neN

B, = <1‘,(%, %)a(%a %»7 By = < (0%,137%) (% 078 )> B3 = < 7(0_%%35 %)a(%? 0’6%4»
and so on. Then (X, 7) is an IFTS. let A= (x, (54, &), (%, %)) be an IFS in X. Then

clearly A is an IFAC set as each I-fuzzy open cover of A must include 1. as a member
of it. Now, we see that B = {B,, : n € N} is an I- fuzzy filterbase in A such that every
finite intersection of members of B is g-coincident with at least one member of B, since for



INTUITIONISTIC FUZZY ALMOST COMPACT SETS 13

any two members U, V of B, uy(a) > vy (a) in X. Let a(0.3,0) be an IFP with support
a. Here a(0.3,0) < A. Now for each B; € B, a(0.3,0)¢B;, since 0.3 > vp,(a), Vi € N. so
each member of B is an open ¢-nbd of a(0.3,0). Also, up,(a) > vp,(a), Vi,j € N. Thus
B;¢B; and hence clB;qB; for any i,j € N. This means a(0.3,0) < clgB;,Vi € N. So,
a(0.3,0) < m clpB, i.e., a(0.3,0) is an I- fuzzy - cluster point of B. This verified Theorem

BeB
3.4.

Theorem 3.6. For any I-fuzzy open filterbase F in an IFAC space X, A = ({clpF :
F € F} is an IFAC set in X.

Proof. Let B be an I-fuzzy open filterbase in an IFAC space X such that for each finite
subcollection By of B, (\{{B : B € By} q A. Let us take the collection G = {BNF :
B € B,F € F}. We first show that the members of G are non-null. Let us take any two
members (By N Fy) and (By N Fz) from G. By supposition, (B; N Bz) ¢ A = there exists an
IFP p(a,1 — ) < A such that p(a, 1 — a)q(B1 N Bs). Now there exists F5 € F for which
F3 C Fy N Fy. Since p(a, 1-— Oé) < clgF3 so CZ(B1 n Bg) q F3 = Cl(Bl N BQ) q (Fl N FQ) =
(Bl N BQ) q (F1 n FQ) (by Lemma 17) Hence (Bl N Fl) n (BQ N FQ) 7£ O~.

Again B is an I-fuzzy filterbase so that for By, Bo € B, there exists B3 € B such that
B3 C BN By. Thus (BdﬁFg) - (Bl ﬁBg) ﬂ(Fl ﬂFg) = (Bl ﬂFl) ﬂ(BQ ﬁFQ) and G is an I-
fuzzy open filterbase in X. Since X is IFAC, G has an I-fuzzy cluster point in X (by Theorem
2.7). Therefore 0~ # ({c(BNF): BNF € G} C [(W{cB : B € B}[[{clF : F € F}]
(. c(ANB) C dAndB) = [[\{clB : B e BYN|[[{cloF : F € F}] (. Fisopen, clF = clpF)
= [{c!B: B € B}]() A. Hence by Theorem 2.8, we can say that A is an IFAC set. O

Let us now verify the above theorem by means of an example as follows.

[ee]
Example 3.7. Let X = {a,b} and 7 = {1.,0.}U{U,, V,, : n € N}U{ U U,}, where Uy =
n=1
a b a b a b a b a b a b
<$’(ﬂ’ﬁ)>(ﬁ 7> 2= 5 (MW%ﬁ)v(W T>> U3b (z, (0.444;)0555) (0003>0.004)> )
and so on; and Vi = (2, (g%, 5.4): (53: 5.5)) Vo = (&, (5530 5.03)» (653> 5.58))> V3 = (@, (5503 5007
(5%, -2=)) and so on. Then it is a routine work to check that (X, 7) is an IFTS. Also X

0.444> 0.555
is an IFAC space, since every I-fuzzy open cover of X must include 1. as a member of it.

k

Now, for any finite sub-collection, say {V,,, Vay, .o, Vi } of V = {V,, : n € N}, ﬂVn =Va,,
=1

where n; = max(nq,.....,ng). Thus V is an I-fuzzy open filterbase in X. Now, clgV,, =

clV,, = U,,¥n € N [since U,, = V,,,¥n € N|. Thus N{clV,, : n € N} = n{U,, : n € N} = Uy,
and Uj is clearly an IFAC set in X, i.e., N{clyV,, : n € N} is an IFAC set.

For the last theorem of this paper we need the following lemma:

Lemma 3.8. For any I-fuzzy set A in an IFTS (X,7), clgA = N{clpU : U € 7 and
ACU}.

Proof. Clearly L.H.SC R.H.S. On the other hand, if possible, let p(a,b) < ({clyU : U € 7
and A C U} but p(a,b) £ clpA. Then there exists an I-fuzzy open ¢-nbd V of p(a,b) such
that IV g A. Thus A C (1 — V). So p(a,b) < clg(l — ¢lV) and hence clV ¢ (1 — V)
which is impossible. Thus our assumption is wrong and this completes the proof. O

Theorem 3.9. For any I-fuzzy set A in an IFAC space X, clgA is an IFAC set in X.
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Proof. Let F be any I-fuzzy filterbase in an IFAC space X with the property that for
every finitely many members Fi, Fs, ..., F,, of F and for each I-fuzzy regular closed set C'

containing clg A, (ﬂF,) qC ... (1)

=1
By Theorem 3.3, it is sufficient to show that F has an I-fuzzy 6-cluster point in clgA. Let
U be any I-fuzzy open set in X containing A. Then clU is an I-fuzzy regular closed set (by
Proposition 2.4 (i)) such that clpA C clyU = clU (by Theorem 3.1). Then by (1) above, for

any finite subcollection Fy, F, ..., F,, of F, (ﬂFl) qcU ... (2)
i=1

n
Let W be any I-fuzzy open set in X containing ﬂ F; for any finite subcollection { F, Fy, ..., Fj, }

i=1
of 7. We claim that for any I-fuzzy open set U in X containing A, W ¢ U ... (3)

If not, then let W g U. Then U € W = U € W C ([ |Fi). Then aU g ([ \F)
i=1 i=1
contradicting (2).

Now let F* denote the set of all finite intersections of members of F; U denote the set of
all I-fuzzy open sets, each of which contains some member of F* and V denote the set of all
I-fuzzy open sets containing A.

We consider the collection G = {UNV : U € U,V € V}. Then for any two members
(UlﬁVl), (UQOVQ) of G, we have UyNUs € U and V1NV, € V, Then by (3), (UlﬂUg) q (Vlﬂ%)
ie., [(Ul n Vl) ﬂ(UQ n VQ)] 75 O~ ( UqV =0UnNnV 75 ON) = [(Ul n Ug) ﬂ(Vl N VQ)] 75 O~.
Also (U1 NUz) (Vi N Vz) € G and hence G is an I-fuzzy open filterbase in X. Since X is
IFAC, ({cG:G € G} #0~. ... (4)

Now let for each F' € F, Ur denote the set of all I-fuzzy open sets, each containing F'.
Then Up C U for all F € F. Then for each F € F, we have F' € F* and by Lemma 3.8,
(WU :U el CN{dU :U elUp} =clogF. = (WU :U eU} C({clpF : F € F}... (5)

Also we have ({clG: G e G} C({dU : U e} and ({cdG: G e G} CN{cV : V € V}.
Thus by (4), we get 0 # ({clG : G € G} C [[{U : U € UYIN{NV : V € V}
ClcoF : F e FHNNcdV : V eV} (by (5) ) =N{cloF : F € F}(\clgA (by Theorem
3.1 and Lemma 3.8). Thus F has an I-fuzzy #-cluster point in clyA and hence by Theorem
3.3, it follows that cly A is an IFAC set in X. O

Example 3.10. It follows from Example 2.2. that 1. = cl(A) C clg(A) = clg(A) = 1
and thus clp(A) is also IFAC (as noted Example 2.2), which verifies the above Theorem.
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