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MATHEMATICS — HON OURS
Paper : DSE-B-2.1
(Point Set Topology)
Full Marks : 65

The figures in the margin indicate full marks.

‘Candidates are required to give their answers in their own words
oF as far as practicable.

: Throughout the question, R and N denote respectively
- the set of real numbers and the set of natural numbers.
multiple choice questions. For each question, 1 mark for choosing correct option and 1 mark
ion. 2410
be a cofinite topological space, where X is an uncountable set. Then which of the

two open sets in X are disjoint.

i s where T’ denotes the co-countable topology on X.

Xists a metric on X which generates the topology © on X.
S AQ-I-‘cI)gica_l space and 4 be a proper non-empty subset of X such that int (X=A) = ¢,
otes the interior of any subset B in X). Then which of the following is false?

'ppgn set in X intersects 4.
1 set in X containing 4 is X.
fis
mumbers with usual topology and K={ﬁ:n=l, 2, } Then K is
3 - (i) closed in R.
o (iv) neither open nor closed in R.

z_....} with respect to the usual topology on the set of real
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: (e) Let f: (R, 1) = (R, t,) be defined as f(x) = x, Vxe R, where 1, 1, are the lower limit topology
and the usual topology on R respectively, then

(i) fis not a continuous map.
(i) fis an open map.
(iii) f'is neither continuous nor an open map.
(iv) f'is continuous but not an open map.
Let (X, ) be a co-countable space, where X is an uncountable set. Then which of the following

(ii) compact but not Hausdorff.
(iV) Tl‘

(ii) must be non-constant.

(iv) is not open.
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B Answer any four questions.

By

3 : 2. (a) Let N be the set of natural numbers and 4,=1{1,2,3, .., n}, n € N. Then prove that the collector
§': e T={4,:ne N} U {N, ¢} is a topology on N.

;} o (b) Find the derived set of {1} in the above topological space. 3+2
B 3.

(a) Prove that the lower limit topology 7; and the upper limit topology 1, are both strictly finer than
the usual topology T, on the set of all real numbers R.

(b) Prove that the lower limit topology t; and the upper limit topology t, on R are non-comparable but
~ their intersection is the usual topology t, on R. 243

e lg_tqpologically equivalent metrics on a non-empty set X. Prove that the space (X,t(d)), where ©(d)
the topology induced by a metric d on a non-empty set X is homeomorphic to the space (X,t(d,)),

dl) %s_the topology induced by the metric d, on X, where d| is given by d;(x, y)= ﬁ%
; x,yeX 1+4
' se (X, ) is a topological space and (Y, ty) is the subspace of (X, t). Prove that, for a subset
4¥ =4NY, where 47 denotes the closure of 4 in (ixy).

i:yo},mdary and interior of the set {(x, y) : x € Q} in R? endowed with the usual product
R 3+2
Idgical space (X, 1)

-’the :s.;ﬁallest closed subset containing 4, where 4 — X and A’ is the derived set
s

ANB=ANB, where 4 denotes the closure of A in (0,659} 342

et and B = {{x} : x € X}. Then prove that B is a basis for a topology on X.

from a topological space (X, 1) to another topological space (¥, t’) which
ut not continuous. 3+2

o oduct of a family of topological spaces {(.Y, T)ci=1,2, .., n}and
vjection map V i = 1, 2, ...., n. Then prove that
i:2, S

P

the smallest topology on X such that each projection map is continuous.
e 243
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Answer any two questions.

9. (a) Give example of a topological space which is T, but not 7. Justify your answer.

(b) Prove that a topological space (X, 7) is 7y if and only if every neighbourhood of any limit point
p of any set 4 ¢ X intersects 4 in countably infinite number of points. 243

. ~Let X be an uncountable set and p be a fixed point X. Define T = {Gc X :eitherp e GorifpeG
then X\ G is finite}. Prove that (X, 1) is a topological space which is not first countable. 243

3+2

in X x ¥, where X x Y is endowed with the product topology. 342
Unit - 3
% g (Marks : 15)

Answer any three questions.

ological space and F= {F,, : o € A} (A is an index set) is any family of closed

aeA

‘ (X, T,) be compact such that t; < 1,. Prove that t, = 1,. 342

28 R with lower limit topology is disconnected.

ntalmng a dense connected set is connected. 243

function f'on a compact space (X, 1) attains its greatest value.
ace X, then prove that X is a closed set in X. 243
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'-(ﬂ) Prove that every closed and bounded interval of the real line R (i.e., R with the usual topology)
- 1s compact.

3+2

(ﬂ) .’If Wery continuous real valued function on a topological space (X, t) takes on all values between
: any two values that it assumes then prove that (X, t) is connected.

a-If_A is a connected subset consisting of at least two points in a metric space (X, d) then prove that
is Imcountable. 243




